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Abstract
We start from an attractive consideration of the negative cosmological constant of an AdS
background as a thermodynamic positive pressure, to find some interesting thermodynamic
comparisons between regular(Hayward and Bardeen)-AdS black holes in the extended phase space.
It mainly shows as following: i) the HAdS black hole with a charge and pressure constant is formed
by a smaller mass collapse; ii) the HAdS black hole always leaves a smaller zero temperature
remnant; iii) the HAdS black hole has a smaller critical charge Qc. Meanwhile, it is surprising to
discover that the BAdS black hole is smaller than the HAdS black hole for the universal ratio 
and ε, which may indicate that the HAdS black hole with a charge and pressure constant is easier
to collapse in comparison with the BAdS black hole. These interesting thermodynamic properties
further show the subtle differences and relations between the structures of the HAdS and BAdS
black holes in the extended phase space.
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I. INTRODUCTION
Black hole singularity is a well-known challenge in general relativity. Penrose and Hawk-
ing’s famous work showed that existence of singularity in general relativity is inevitable [1].
In order to avoid singularity, people attempted to construct the regular solution of Einstein
equation. Bardeen obtained the first black hole solution without singularity at the origin
in 1968 [2]. Then, Ayo´n-Beato and Garc´ıa pointed out the physical source of regular black
holes might be nonlinear electrodynamics [3], under which many attentions were focused on
regular black holes [4–10]. Especially inspired by Bardeen’s idea, Hayward proposed a static
spherically symmetric black hole, which is also without singularity at the origin, and the
curvature invariant is limited and regular in spacetime. Meanwhile, the stress-energy tensor
satisfies the weak energy condition and violate the strong energy condition, and it is also a
degenerate configuration of the nonlinear magnetic monopole gravity field, which increases
rapidly at a distance and attenuates as a cosmological constant close to the origin with the
support of finite density and pressure [11]. Many further studies showed that regular black
holes always share similar kinetic and thermodynamic properties [12–17].
On the other hand, black holes as thermodynamic systems, which can be ingeniously
links general relativity, thermodynamics and quantum mechanics. Since the Hawking radi-
ation were first proposed in 1974, the thermodynamics properties of black holes have been
extensively studied [18–20]. Subsequently, people found that black holes as thermodynamic
systems have many interesting similarities in comparison with general thermodynamics sys-
tems, and these similarities become more obvious and precise for black holes in an AdS
space [21]. Especially, further studies on thermodynamic properties of charged AdS black
holes showed that charged AdS black holes shared a phase transition like the van der Waals
liquids [22].
Recently, another interesting proposal is to treat the negative cosmological constant of an
AdS background as a positive thermodynamic pressure in the extended phase space, which
can enrich AdS black hole thermodynamics[23], i.e. P = − Λ
8pi
, and its conjugate quantity
as thermodynamic volume is V =
(
∂M
∂P
)
S,Q,J
. Based on this proposal, thermodynamics
properties of black holes in AdS space have been received an extensive attention. Many
researches have shown that phase transitions of charged AdS black holes are similar with
those of the van der Waals liquid-gas in the extended phase space, which mainly reflect in
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black holes share the same P − V diagrams and critical exponents with the van der Waals
system [23–42]. Apart from phase transitions and critical phenomena, the other research is
the Joule-Thomson (JT) expansion of charged AdS black holes, which mainly investigates
whether the AdS black hole has cooling-heating regions similar to the van der Waals system,
and whether the inversion curves and temperature inversion point exists [43–52].
As mentioned above, the HAdS black hole is inspired by BAdS black hole. Those two
black holes are without singularity at the origin, and the curvature invariant is limited and
regular in spacetime, which makes us speculate that the thermodynamic properties of the
two black holes are similar. Therefore, we study the P−V critical and JT expansion of those
two black holes, which attempt to show thermodynamic properties of different regular black
holes in the extended phase space, further providing the subtle differences and relations
between the structures of regular black holes.
The outlines of this paper are listed as follows. In Sec.II, we briefly review regular BAdS
and HAdS black holes with Einstein gravity coupled to a non-linear electrodynamics. In
Sec.III, we provide the thermodynamic comparisons between the two black holes in the ex-
tended phase space by investigating thermodynamic quantities and critical points. Through
the JT expansion, Sec.IV is devoted to further provide some subtle differences and rela-
tions between the structures of the two black holes. Sec.V ends up with conclusions and
discussions.
II. EINSTEIN GRAVITY COUPLED TO A NON-LINEAR ELECTRODYNAM-
ICS
In this section, we consider the case of Einstein gravity coupled to a non-linear electro-
magnetic field [53], whose action is
I =
1
16pi
∫
d4x
√−g
(
R +
6
l2
− L(F)
)
, (1)
in which, F = dA is the field strength of the vector field, R is the Ricci scalar, g is the
determinant of the metric tensor, l is the positive AdS radius connected with Λ through
the relation Λ = − 3
l2
, F ≡ 1
4
F µνFµν and the Lagrangian density L is a function of F . The
3
covariant equations of motion are
∇(`FF µν) = 0,
Gµν = Tµν , (2)
where Gµν = Rµν − 12Rgµν is the Einstein tensor and LF = ∂L∂F . The energy momentum
tensor is Tµν = 2
(
LFF2µν − 14gµνL
)
. The Lagrangian density is given by [54]
L =
4µ
α
(αF) ν+34(
1 + (αF) ν4
)µ+ν
ν
. (3)
The line element of regular-AdS black hole is given by
ds2 = −fdt2 + dr
2
f
+ r2dΩ2, (4)
A = Qm cos θdφ, (5)
where q is an integration constant with respect to magnetic charge, Qm is the total magnetic
charge carried by the black hole [55]
Qm =
q2√
2σ
. (6)
The HAdS and BAdS black holes are respectively given by [54]
fH(r) = 1 +
r2
l2
− 2M
r
− 2σ
−1q3rµ−1
rµ + qµ
, (7)
fB(r) = 1 +
r2
l2
− 2M
r
− 2σ
−1q3rµ−1
(r2 + q2)
µ
2
, (8)
where the parameter σ related to the nonlinear electromagnetic field is viewed as a dynamic
variable, the charge term σ−1q3 is derived from the nonlinear interactions between graviton
and (nonlinear) photon. M is associated with the condensate of massless graviton, originat-
ing from its self-interactions. In neutral limit, the solution reduces to the Schwarzschild-AdS
black hole. Therefore, M is viewed as the Schwarzschild mass, the ADM mass (M) of the
black hole can be read off from the asymptotic behavior of the metric functions [55, 56],
which consists of two parts, the self-interactions of graviton M and the non-linear interac-
tions between graviton and (nonlinear) photon σ−1q3 (see [57] for details).
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FIG. 1: The function f(x) vs x for Q = 0.3. The HAdS black hole curves with colors black, green
and blue, correspond to m = 0.6, m = m0 ≈ 0.318 and m = 0.165; the BAdS black hole curves
with color red, gray and yellow, correspond to m = 0.6, m = m0 ≈ 0.448 and m = 0.165.
For M = 0, µ = 3, the solutions (7) and (8) are reduced to the line elements of HAdS
and BAdS black holes [54], i.e.
fH(r) = 1 +
r2
l2
− 2Mr
2
r3 + q3
, (9)
fB(r) = 1 +
r2
l2
− 2Mr
2
(r2 + q2)
3
2
, (10)
The magnetic charge q has dimensions of length and thus it can be interpreted alternatively
as minimal cut-off length that makes gravity ultraviolet self-complete [58, 59]. Considering
the magnetic charge q as minimum length of a black hole, we can rewrite the Eqs.(9) and
(10) as
fH(x) = 1 + x
2 − 2mx
2
x3 +Q3
, (11)
fB(x) = 1 + x
2 − 2mx
2
(x2 +Q2)
3
2
, (12)
where x = r/l, m = M/l, Q = q/l. Fig.1 shows f(x) as a function of x for Q = 0.3.
There is no longer a singularity at the black hole center (x = 0). We can always get two
horizons for m > m0 (The curve 1 for HAdS black hole and the curve 4 for BAdS black
hole), one inner (Cauchy) x− and one outer (event) horizon x+. And one degenerate horizon
x0 = x− = x+ for m = m0, representing HAdS(curve 2)/BAdS(curve 5) black holes with
the smallest possible radius and mass. No horizons are for masses below m0. The smallest
possible mass for HAdS black hole is m0 = 0.318, and m0 = 0.448 is for BAdS black hole.
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In fact, for large distances, the regular-AdS black hole coincides with the conventional
Schwarzschild-AdS black hole with f = 1 + r
2
l2
− 2M
r
[50]. Therefore, the regular-AdS black
hole gravitational collapse, the end result of the collapse is a Schwarzschild-AdS black hole.
On the other hand, the HAdS black hole with a charge and pressure constant is easier to
collapse in comparison with the BAdS black hole, because of the HAdS black hole is more
likely to collapse into Schwarzschild-AdS black hole in the same conditions [60, 61].
III. THE P − V CRITICAL OF THE TWO REGULAR-ADS BLACK HOLE
In this section, we will investigate the regular-AdS black hole black hole thermodynamics.
According to Eq.(9), the form of ADM mass for HAdS black hole is given by
MH = (l
2 + r2h)(q
3 + r3h)
2l2r2h
, (13)
where rh is the horizon radius defined by the largest root of the equation fH(rh) = 0, and
one may consider that black hole mass is a function of three thermodynamic variables.
In the extended phase space, the cosmological constant is viewed as thermodynamic
variable, i.e.
P = − Λ
8pi
=
3
8pil2
, (14)
VH =
(∂M
∂P
)
S,q
=
4
3
pi(q3 + r3h). (15)
The first law of thermodynamics is then generalized to dM = TdS+V dP +ϕdq. The HAdS
black hole thermodynamic temperature is
TH =
3r5h + l
2(r3h − 2q3)
4pil2r4h
. (16)
And the conjugate quantity of q is expressed as
ϕH =
(∂M
∂q
)
S,P
=
3q2(l2 + r2h)
2l2r2h
. (17)
From Eq.(14) and Eq.(16), we can then get the state equation of the HAdS black hole is
PH =
T
2rh
− 1
8pirh2
+
q3
4pirh5
. (18)
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Using the same method, we can also obtain the thermodynamic temperature of BAdS
black hole is
TB =
√
q2 + r2h(−2q2l2 + r2hl2 + 3r4h)
4pil2r4h
. (19)
and the state equation of BAdS black hole is
PB =
T
2
√
q2 + r2h
− 1
8pir2h
+
q2
4pir4h
. (20)
For simplicity, we study regular-AdS black holes in l units and this can be obtained by
writing the HAdS black hole temperature (16) as
TH = 3x
5 + x3 − 2Q3
4pix4
, (21)
and the BAdS black hole temperature (19) as
TB =
√
Q2 + x2(3x4 + x2 − 2Q2)
4pix4
. (22)
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Fig 2. (color online) Temperature T vs horizon x. The curves 1, 2, 3 are for the HAdS black hole,
correspond to Q = 0.03, Q = Qc ≈ 0.085 and Q = 0.15, and the zero temperature remnant at
x = 0.03774, x = 0.1059 and x = 0.183; the curves 4, 5, 6 are for the BAdS black hole, correspond
to Q = 0.03, Q = Qc ≈ 0.0987 and Q = 0.15, and the zero temperature remnant at x = 0.04231,
x = 0.1358 and x = 0.2.
A plot of temperature T vs horizon x is illustrated in Fig.2. The values below the critical
charge Q < Qc, temperature appears two extrema (curve 1 and curve 4), one maximum and
one minimum, a first order phase transition take place between small/large stable black hole.
For Q = Qc (curve 2 and curve 5), the two extrema merge at one inflexion point. While for
Q > Qc (curve 3 and curve 6), temperature is a monotonically increasing function of radius.
The critical charge for HAdS black hole is Qc = 0.085, and Qc = 0.0987 is for BAdS black
hole. When Q is a constant, the zero temperature remnants of HAdS black hole are always
smaller than those of BAdS black hole.
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We also plot the P − r isotherm curves using Eqs.(19) and (21) as shown in Fig.3. The
P − r diagram is similar to the van der Waals gas, it is obvious from the picture, the critical
isotherm (T = Tc) has an inflection point, the corresponding pressure at that point are called
the critical pressure Pc. Above the critical isotherm (T > Tc), there is no inflection point,
and pressure is a monotonically decreasing function of radius. Below the critical isotherm
(T < Tc), there are two extrema(one maximum and one minimum), and the slope region is
positive, where thermodynamic instability occurs (T < Tc,∂P/∂r > 0).
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Fig 3. (color online) P − r diagram for BAdS and HAdS black holes with q = 1. The curves 1, 3, 5
are for the HAdS black hole, correspond to T = 1.5THc, T = THc and T = 0.8THc; the curves
4, 5, 6 are for the BAdS black hole, correspond to T = 1.5TBc, T = TBc and T = 0.8TBc.
On the other hand, the critical points are obtained by [24]
∂P
∂rh
=
∂2P
∂r2h
= 0. (23)
By solving Eqs.(14), (16) and (18), we can get the critical length rc, the critical pressure Pc
and the critical temperature Tc of the two black holes. For HAdS black hole, they are
rHc = 2
2/351/3q, PHc =
3
213/355/3piq2
, THc =
3
211/351/3piq
. (24)
For BAdS black hole, they are
rBc =
√
4 + 2
√
10q, PBc =
5
√
10− 13
432piq2
, TBc =
25(31 + 13
√
10)
432(5 + 2
√
10)3/2piq
. (25)
Using these critical quantities, the universal constant of BAdS black hole is given by [59]
B =
PBcrBc
TBc
= 0.381931. (26)
the universal constant of HAdS black hole is written as
H =
PHcrHc
THc
= 0.3921. (27)
The result shows that the ratio of HAdS black hole is larger than that of BAdS black hole,
but they are both slightly bigger than those of the van der Waals fluid and the singular
RN-AdS black holes [24].
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IV. JOULE-THOMSON EXPANSION OF TWO REGULAR-ADS BLACK HOLE
In this section, we investigate the Joule-Thomson (JT) expansion of HAdS and BAdS
black holes in the extended phase space. The JT expansion is an isenthalpy process in the
extended phase space, and the JT coefficient µ is given by [43], i.e. µ =
(
∂T
∂P
)
H
, which
determined the cooling-heating regions. If µ is negative(positive), heating(cooling) occurs,
and so gas warms(cools).
Similar to the JT expansion process with fixed particle numbers for the van der Waals
gases, we should consider canonical ensemble with fixed magnetic charge q. In [43], the JT
coefficient is given by
µ =
(∂T
∂P
)
H
=
1
Cp
[
T
(∂V
∂T
)
p
− V
]
. (28)
Setting µ = 0, the inversion temperature is obtained by
Ti = V
(∂T
∂V
)
P
. (29)
In [51], we used same method as above, the minimum inversion temperature of the BAdS
black hole can be obtained by
TBi
min =
√
9 +
√
57(
√
57− 3)
2(5 +
√
57)2piq
, (30)
and the ratio between the minimum inversion temperature and the critical temperature is
εB =
TBi
min
TBc
= 0.536622. (31)
Here, we use another method to derive the JT coefficient of HAdS black hole µ. From
Eqs.(13) and (14), pressure P can be written as a function of M and rh, i.e.
P (M, rh) = 3(2Mr
2
h − q3 − r3h)
8pir2h(q
3 + r3h)
, (32)
then substituting P (M, rh) into Eq.(16) yields
T (M, rh) = 3Mr
5
h − r6h − 2q3r3h − q6
2piq3r4h + 2pir
7
h
. (33)
The JT coefficient is written as
µ =
( ∂T
∂rh
)
M
/
( ∂P
∂rh
)
M
(34)
= −2(8q
6 + q3r3h(13 + 8Ppir
2
h)− 4(r6h + 4Ppir8h))
3r2h(−2q3 + r3h + 8Ppir5h)
, .
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Setting µ = 0, we have
8q6 + q3r3h(13 + 8Pipir
2
h)− 4(r6h + 4Pipir8h) = 0, (35)
by solving this equation for rh(Pi), one can get a positive and real root which has a physical
meaning, and the corresponding pressure in the root is the inversion pressure. Substituting
the root into Eq.(16) for temperature, one can obtain the inversion temperature (Since these
expressions are too complex, they are not explicitly given here).
On the other hand, the minimum inversion temperature can be obtained by demanding
Pi = 0. The Eq.(35) will be 8q
6 + 13q3r3h − 4r6h = 0, we can obtain the only physically
meaningful root. One can substitute the root into Eq.(16) and obtain the minimum inver-
sion temperature. The ratio between the minimum inversion temperature and the critical
temperature is then given by
εH =
THi
min
THc
= 0.546946. (36)
We have plotted the inversion and isenthalpic curves of HAdS black hole in T −P plane. In
Fig.4, the inversion curves are presented for various values of magnetic charge q. Obviously,
in comparison with the van der Waals liquid, there is only one inversion curve and it is not
closed, and with an increasing of q, the inversion temperature of the black hole for given
pressure tends to increase.
In Fig.5, we plot the isenthalpic (constant mass) curves and the inversion curves for
various values of magnetic charge q in T − P plane. Obviously, with an increasing of M,
the isenthalpic curves to decrease of the black hole for given q tends, and the inversion curve
divides the plane into two regions, and the region above the inverse curve corresponds to
the cooling region, while the region under the inversion curve corresponds to the heating
region.
Fig 4. (color online) Inversion curves of HAdS black hole in T − P plane. From bottom to top,
the curves correspond to q = 1, 2, 3, 4.
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Fig 5. Inversion and isenthalpic(constant mass) curves of the HAdS black hole. From bottom to
top, the isenthalpic curves correspond to the increasing values of the mass M of the black hole.
Top-left: q = 1 and M = 2, 2.5, 3, 3.5. Top-right: q = 2 and M = 5, 5.5, 6, 6.5. Bottom-left: q = 3
and M = 8, 8.5, 9, 9.5. Bottom-right: q = 4 and M = 10, 10.5, 11, 11.5.
We compare the inversion curves of the HAdS black hole with that of BAdS black hole in
Fig.6. For q = 1, the inversion curve of the BAdS black hole is 1 curve, the HAdS black hole
is 3 curve. When q = 2, the inversion curve of HAdS and BAdS black holes are respectively
correspond to 2 and 3 curves. Obviously, the inversion curves of the HAdS black hole is
always higher than BAdS black hole under the same pressure and magnetic charge.
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Fig 6. (color online) The inversion curves for q = 1 and q = 2. The curves 1, 2 correspond to
BAdS black hole with q = 1 and q = 2; the curves 3, 4 correspond to HAdS black hole q = 1 and
q = 2.
At the same time, we plot the isenthalpic and inversion curves of HAdS and BAdS black
holes in T −P plane. The isenthalpic curves of HAdS black hole is 1, 2, 3 curves, and BAdS
black hole is 4, 5, 6 curves. When q = 1,M = 2, 2.5, 3, the isenthalpic curves of BAdS black
hole is higher than those of HAdS black hole (1−4, 2−5, 3−6), and the intersection points
of the inversion and isenthalpic curves of the BAdS black hole is higher than those of the
HAdS black hole.
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Fig 7. The isenthalpic and inversion curves when q = 1. The isenthalpic curves 1, 2, 3 are for the
HAdS black hole with M = 2, 2.5, 3 and the isenthalpic curves 4, 5, 6 are for the BAdS black hole
with M = 2, 2.5, 3. Correspondingly, 7(H) and 8(B) are inversion curves.
Finally, we list the ratios between the minimum inversion temperature and the critical
temperature of various black holes in Tab.1. We can easily find the ratio of BAdS black
hole is lower than that of HAdS black hole, but they are both higher than those of singular
black holes. For the ratio between the minimum inversion temperature and the critical
temperature, this ratio depends on the spacetime structure of the black hole. Especially, the
regular black hole exists only in the case of a repulsive de-Sitter core at the origin, and the
large ratio for the regular-AdS black hole may be due to the repulsive de-Sitter core near
the origin of the regular black hole.
Table 1. Ratio between minimum inversion and critical temperature.
Type Ratio Literature
van− der −Waals− fluid 0.75 [43]
RN −AdS 0.5 [43]
Kerr −AdS 0.504622 [43]
quintessence−AdS 0.5 [44]
d− dimensional −AdS <0.5 [45]
f(r)− gravity 0.5 [46]
global −monopole 0.5 [47]
Gauss−Bonnet 0.5 [48]
Einstien−Maxwell − axions− theory 0.5 [49]
Bardeen−AdS 0.536622 [50]
Hayward−AdS 0.546946
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V. CONCLUSIONS AND DISCUSSIONS
In this paper, we have shown some interesting thermodynamic comparisons between
regular(Hayward and Bardeen)-AdS black holes in the extended phase space. Firstly, we
find the smallest possible mass for HAdS black hole with a charge and pressure constant is
m0 = 0.318, and m0 = 0.448 is for BAdS black hole. Then, we have calculated the state
equation of the two regular black holes. From it, we find the critical charge of HAdS black
hole (Qc = 0.085 ) is smaller than that of BAdS black hole (Qc = 0.0987). And, when the
two black holes has the same magnetic charge (Q = 0.03 or Q = 0.15), HAdS black hole
always leaves a smaller zero temperature remnant.
Moreover, we start by investigating P − V and JT expansion of those two black hole,
which find BAdS black hole is easier to reach the critical points since the universal ratio
 between the critical thermodynamic quantities of HAdS black hole ( = 0.3921) is larger
than that of BAdS black hole ( = 0.381931). Meanwhile, the inversion temperatures
gradually increase with an increasing of q when pressure is a constant for those two black
hole. However, the inversion curves of HAdS black hole with magnetic charge (q = 1 or
q = 2) always stays higher than those of BAdS black hole with the same charge. And,
the ratios between the minimum inversion temperatures and the critical temperatures of
BAdS black hole (0.536622) is smaller than that of HAdS black hole (0.546946). This means
change of the cooling/heating of HAdS black hole need higher temperature under the same
pressure and magnetic charge, and change of the cooling/heating of BAdS black hole need
higher pressure under the same temperature and magnetic charge, the HAdS black hole with
a charge constant is easier to reach the cooling/heating region below its critical temperature.
It can be seen from the study of the P − V critical and JT expansion that the HAdS
black hole and BAdS black hole have similar thermodynamic behaviors, but those black
hole also have many the subtle differences between the structures, including the smallest
possible mass, the critical charge and the smaller zero temperature remnant. Especially, for
the universal ratio  and ε, the BAdS and HAdS black holes are slightly bigger than those of
various singular black holes, but slightly smaller than that of the van der Waals fluid. In fact,
at the large distances (r  q), the regular-AdS black hole coincides with the conventional
Schwarzschild-AdS black hole with f(r) ≈ 1− 2M
r
+ r
2
l2
. Near the origin (r  q), the regular-
AdS black hole could be described by the line element where f(r) ≈ 1 −
(
2Ml2
q3
− 1
)
r2
l2
.
13
According to this metric potential, the origin can be seen as: i) a repulsive de Sitter core
when 2Ml2 > q3; ii) an attractive Anti de Sitter core when 2Ml2 < q3; iii) a local Minkowski
core with no gravitational interaction when 2Ml2 = q3. Obviously, when the origin is an
attractive Anti de Sitter core or a local Minkowski core, there is no horizons. Therefore,
the regular-AdS black hole exists only in the case of a repulsive de Sitter core at the origin.
Anyway, there is a repulsive de Sitter core for the regular-AdS black hole in contrast with
the singular black hole. Thus, we conclude the larger ratio for the regular-AdS black hole
in contrast with the singular black hole may stem from the fact that there is a repulsive de
Sitter core near the origin of the regular black hole. And, this also means HAdS black hole
with a charge and pressure constant is formed by a smaller mass collapse.
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